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ABSTRACT

The perturbations of the orbital elements of a charged artificial earth
satellite caused by the earth's magnetic field are studied. A rough estimate .
of the size of the disturbing effects gives them a very small value. A detailed
computation is made in the case of the changes of the inclination of the

satellite's orbit.

RESUME

On ¢tudie les perturbations causées par le champ magnétique terres-
tre sur les éléments de l'orbite d'un satellite terrestre artificiel
chargé. Une estimation approchée de 1'ordre de grandeur des effets per-
turbateurs indique qu'ils sont de tres faible valeur. Une calculation

détaillde est faite dans le cas des changements d'inclinaison de 1l'orbi-

te du satellite.

KOHCIIEKT

WsyuapTcA BO3MyLeHHA OPOMTAIbHLEX 3JIEMEHTOB B3aPAXEHHOTO HUCKYC-—
TBEHHOTO CIOYTHUEKA 3EMJIV Bb3BBAEMBE 3€MHbM MarHWTHbHM Hosxem. I'pybas
OIEHKa Pa3MecpOoB BOsOyRIAbLINX SPPEKTOB yKaszpBaeT Ha OUeHb Malyln Be-
AnunHY. CLeNano NeTalbHOE BHUMCACHWE IJA CAYUYaA C HU3MEHCHUAMY HGK-

JOH&A OpPOHUTH CIIYy THUKA.

iii



THE MOTION OF A CHARGED SATELLITE
IN THE EARTH'S MAGNETIC FIELD

L. Sehnal
1. INTRODUCTION

A number of papers discuss the influence of the earth's magnetic field
on the motion of a charged artificial satellite; however, most of them deal
with the influence of the earth's magnetism on the rotation of the satellite
body or with the motion of a satellite in a plasma field, which changes slightly
the neutral drag coefficient. The perturbational approach to the problem was
probably first studied in a paper of Fain and Greer (1959). Their investiga-
tion was further developed by Westerman (1960), who studied the simple case

of a circular orbit in the plane of the geomagnetic equator.

In this paper, we check the magnitude of the perturbations arising from
the influence of the earth's magnetism, in a case approximating reality more

closely than previous papers.

This work was supported in part by grant NGR 09-015-002 from the National
Aeronautics and Space Administration,



2. BASIC EQUATIONS

Let us consider the magnetic field of the earth to be given in the form of
a series of spherical harmonics; furthermore, we shall suppose the earth's
magnetic axis to be identical with the earth's axis of rotation. We shall seek
changes of the orbital elements of an electrically charged satellite caused by
that magnetic field. We shall start with the Lagrangian equations in Gaussian

form. We can write them generally in the form

do _
T =K 5, T, W) , (1)

where ¢ denotes an arbitrary element, and S, T, and W are the components
of disturbing accelerations in the direction of, and perpendicular to, the
radius vector and binormal to the orbit. The constant KG is a simple com-
bination of the orbital elements appearing in the Lagrangian equation; it is

different for the change of each element.

The components of the disturbing force we are looking for will be the

components of a vector
F-=Q(vx B) , (2)

where v is the velocity of a satellite in its orbit, B is the vector of the
magnetic intensity, and Q is the satellite's electrical charge. The components

of the vector f from equation (2), in the directions S, T, and W will then be



=v, By - vy B : etc. (3)

where w denotes the true anomaly. We can obtain the components of
B from the expression for the earth's magnetic field V, which can be

written

2 2
V:P(lo)(cos 0) g(l) (-?—) R+P(11)(cos 9)<gi cos)\+hi sink) (%) R+..(é) ,

where g(l), gi, and h} are the numerical constants that describe the earth's
magnetic field, © is the angular distance from zenith, P(lo), P(ll) are the
associated Legendre functions, and R 1is the radius of the earth.

The second term in this expression depends on \, the geocentric
longitude, so that it does not give rise to secular perturbations. Thus, we

shall consider only the first term in equation (5).

The components of the magnetic force X (horizontal, northward), Y
(horizontal, eastward), and Z (vertical, downward) can be obtained from

equation (5) by partial differentiation. Considering the first term only, we have

3
_lav _ 0. R
X=cgg =- & sno(7)
1 1 8V _
Y "t sin 0 9 =0 ’



3
_oV _ 0 R
Z=57 =- 2 g, cos 9(—;—) (6)

These components will now be transformed into the directions S, T, and W

merely by rotation around the radius vector, since

Z=-B (7)

For the transformation, we shall make use of the relations that appear in

Figure 1.

Figure 1. Geometry of X, Y, Z and S, T, W.

With respect to equations (6) we have

BT=Xcosa s

BW=Xsina 5



according to equations (6) and (7), after substitution of $ = 90° - 6 we have

immediately
3
- 0 ,RY _.
BS —Zgl(r)smd),
3
0 R
Br =- g (r) cosd cos a
0 R3
By = - g (;) cos ¢ sina (8)

Again from Figure 1 we have the relations

sin ¢ = sin i sinu

cos$ sina = cos i »

cosd cosa =sinicosu , (9)
where the argument of the latitude u =w + w. After substituting equations

(9) into equations (6) and using equations(3), we have for the components of

the disturbing force the expressions

3
S =—Qg?(gr> cos irw ,
3
T =+Qg§)(§-) cosir
0 R3
W=—Qg1(?> sin i[ cos (w+w)i+Zsin(w+W)r\5v] (10)



3. ESTIMATE OF THE NUMERICAL VALUES OF THE PERTURBATIONS

Substituting equations (10) into the Lagrangian equations in expression (1),
we obtain the relations for the changes of the orbital elements. The magni-
tudes of the components of the disturbing accelerations (according to equations
(10)) can be determined by the product

01
Qe m
The value of this product will not be too high; thus, we can expect only small
changes in the orbital elements. In cgs units, we can accept for g? the ap-
proximate value of -0.3 Gauss. Let us transform the charge of the satellite

Q into volts. Accepting the value of the dielectrical constant to be 1 in our

case, we have

o -_-% 10712 57

s

where 6 is the radius of the satellite's body in centimeters, and F is the vol-

tage of the satellite. Then the factor Q g(l) rn"1 will be approximately

1 10-13 &

3 m T

If we suppose the ratio §/m to be of the order 10"2 or 10_3, we shall have,

by computing the changes of the elements, the coefficient 10_15 F, where
time is measured in seconds and the length in centimeters. The remaining
expressions from equation (1), like the constants K and the results of the
computation of the changes of the elements, give some combinations of
orbital elements only, which will not substantially affect the final numerical
results. Thus, we find that the changes of angular elements (2, w) will not
exceed 10-5 deg day—l, and the change of the radius vector of the orbit during

one revolution will undergo short-periodic perturbations measurable in

fractions of centimeters.



4. CHANGE OF THE INCLINATION

There is one element — the inclination — whose change is so small that it
may be comparable to our above results. The secular decrease of the
inclination, which is caused mainly by the rotation of the atmosphere, was
observed to be greater than the expected theoretical values (see King-Hele,
1967; Nigam, 1963). Since the discrepancy between theory and observations
is of the order 10_6 to 10—5 deg day—l, let us see if the effect of the earth's

magnetic field does not contribute somehow to this value.

The change of the inclination is given (Brouwer and Clemence, 1961) by

di 1 1 r
- T ———— = co0s (w + W) W
dt na 5 &

l-e

Substituting the expression for W, which now stands for the disturbing

acceleration, from equation (10), we have

3
> g aB) sin i(—%) cos (@ +w)[ cos (w +w)r+2sin(w +w) TW 1.

(11)

Although the charge Q of the satellite can be considered constant, it is more
probable that it changes with height, according to the change from the ionized
to the neutral portions of the atmosphere. Let us suppose that the potential
changes with some power n of the ratio of the height of the satellite in its

orbit to the height of the perigee, hp:

n

Q=Q'(Th) , (12)
p



where Q7 is the charge of the satellite in the perigee height. Since we have

the simple relations

h=a(l-ecos E}) - R

2

h =a(l-e)-R ,
p

where R is the radius of the earth, we shall develop the expression (12)
according to the powers of cos' E, where E is the eccentric anomaly. Thus,

we obtain

L

n

Q= Q'(: -_RR) E kl CoslZ E
P =0

The coefficients kg are given as

n(n-1) (n-2) ... (n-£+1) a-rp>
k= = v <R_a (13)

Writing
R (3R

we have finally

Q =R’ E kg cos'z E (14)



Considering expression (13) to be of the order of the eccentricity e, we shall

put the limit L. = 4, the fourth power of the eccentricity.

We shall make use of the formulas

rv'v=a\'l—e E

ae sin EE

I

T
sin w =N\l -e .; sin E
a
cosw=—;(cosE—e)
2 = (1l - e cos E)—l
T

by transformation of equation (11) into an expression for the eccentric anomaly.

. 4 . .
Now we can develop the expression (a/r)  into a series,

a4 - j
(;) =ijcos E
j=0

and we can write the rest of the right-hand side of equation (11) as

cos (w+ w) [cos (w+ W) ¥+ 2 sin (@ + w) v W]

3

2
= E a cosmEJrE b cosnEsinE E
. m n

n=0

m=0

After substituting the above two equations and equation (14) into equation (11),

we multiply the series and obtain the expression



s =0

The powers of the trigonometric functions of the eccentric anomaly can
- readily be transformed into the trigonometic functions of the multiples of
the argument (see, e.g., Sehnal and Mills, 1966, equation (28)), so that we

obtain

di 1 1
a‘t— Hr__m 1()511’11
11 11
X E cosiEZi-FE sin i E W, E
i=0 i=1

After integration and substitution of E = nt + e sin E, we have the expression

for the change of the inclination:

. 1 1 R’ 0 ,Ry . .
R et LG
l—e2
) 1 ow,
* |2y nt + z ; ; sini E + z "?E (1 - cosiE)| |, (15)
i=1 i=1
where
!
ZO—Z1+eZO ,

10



The term most interesting to us well be the one that is not periodic with the
eccentric anomaly E. From previous analysis, we can derive the expression

for the term ZO in the form

11 11 4
-5 > ShIre
ZO— kt d0 fj as-t—j
t=0 s=0 j=0

The coefficients dgs) arise from the transformation

s
cosS E = E dgs) cos i E |
i=0

and the coefficients ay are found to be

‘I 2
—(l—ez) l-e gin2uw

a0= >
,I 2
a1=—3e 1-e sin2w ,
—
2
a2=+2(1—e2)\11 - e sin 2w
a3=+eql -ezsin 2w

Finally, the expression for ZO is

Z =1 Jl —ezsin 2w —-}L-e(l+e2>na_rp

0 2 R-a
1 5 4\nn-1) a—rpz
+—2-(1_1_6e) 2! (R-a)
a-r 3
3 (.1 2\nmn-1@m-2) (2T
+86<1+4e) 3 o)t (16)

11



Now we see that, owing to the presence of sin 2w, this term is not really

constant, but rather long periodic.

For integer values of n, there will be a finite number of terms in the
series (16). We see immediately that for n = 0, that is, for the constant value
of the satellite's electrical charge, Z, = 0. Consequently (viz. equation (15)),

0
in this case we have the short-periodic perturbations of the inclination only.

If we suppose that the charge is growing in linear dependence on the

height of the satellite, n = 1, we have for the change of the inclination

3a-r
4
Al = -%e<l+e2 %g(lO) sin i sin 2w<§) hp

This expression vanishes in the case of a circular orbit, which is, in our case,
identical with the condition of a constant charge, so that we have Ai = 0 if

e = 0.

Introducing voltage instead of charge Q and using the transformation of

the units into the cgs system, we have finally the equation

3a-r
Ai=-4x 10528 g (1 +eZ> sinisin2w<—13> P
m a hp

To compare the numerical value of this change with the observed one, let us
neglect the dependence of this expression on sin 2w, putting sin 2w = 1. If
we imagine an orbit of a satellite with a perigee height h = 300 km, e = 0. 3,
a = 9540 km, and sin i = 0.9, we then have, for a change of the inclination

in degrees per day, the equation

Ai=-2><10—8£-F
m



This means that if we want to be in agreement with the observed values,

we should have

b 0™ io10™
m

which would require the voltage of a satellite to be at least 103volts. Since no
such high potential of a satellite body was observed and cannot even be
supposed theoretically, we do not obtain any observable effects of the earth's
magnetic field on the change of the inclination of the satellite's orbit.
Nevertheless, some measurements of the charge of a satellite body should
provide more precise knowledge of the phenomenon; at the present time,
information available does not allow us to make any precise evaluation of

all the effects of the earth's magnetic field on the orbit of a charged satellite.

13
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NOTICE

This series of Special Reports was instituted under the supervision
of Dr. F. L. Whipple, Director of the Astrophysical Observatory of the
Smithsonian Institution, shortly after thelaunching of the first artificial
earth satellite on October 4, 1957. Contributions come from the Staff
of the Observatory.

First issuedtoensure the immediate dissemination of data for satel-
lite tracking, the reports have continuedto provide a rapid distribution
of catalogs of satellite observations, orbital information, and prelimi-
nary results of data analyses prior to formal publication in the appro-
priate journals. The Reports are also used extensively for the rapid
publication of preliminary or special results in other fields of astro-
physics,

The Reports are regularly distributed to all institutions partici-
pating in the U. S. space research program and to individual scientists
who requestthem from the Publications Division, Distribution Section,
Smithsonian Astrophysical Observatory, Cambridge, Massachusetts
02138.



